Abstract. We extend Feichtinger's minimality property on smallest non-trivial time-frequency shift invariant Banach spaces, to the quasi-Banach case. Analogous properties are deduced for certain matrix classes.
Introduction
A remarkable property of the weighted Feichtinger algebra M 
In fact, the search of non-trivial smallest translation and modulation invariant Banach space, led Feichtinger to the discovery of M 1 (R d ) (cf. [16] ). Later on, Bonsall deduced in [4] a slightly different proof compared to [16] , which can also be found in Section 12.1 in [24] .
In Section 2 we extend this minimality property to the case of quasiBanach spaces. More precisely, let B ⊆ Σ Assume in addition that for some p ∈ (0, 1] we have
f, g ∈ B, (0. 2) and there is a Gabor frame atom ψ ∈ B M p (v) (R d ) = {0}. Then we deduce M p (ω) (R d ) ⊆ B (see Theorem 2.4) . Note that our restrictions on the involved weights are relaxed compared to [4, 24] .
We mainly follow the approach in [4, 16, 24] . In particular we consider spaces of non-uniform Gabor expansions whose coefficients obey suitable weighted ℓ p -estimates, and prove that these spaces agree with corresponding modulation spaces. (Cf. Proposition 2.2.)
In Section 2 we also deduce analogous minimality properties for certain classes of matrix operators. In particular, let J be an index set, B be a quasi-Banach space of matrices (a(j, k)) j,k∈J such that the following is true:
• A j 0 ,k 0 = (δ j,j 0 δ k,k 0 ) j,k∈J ∈ B and A j 0 ,k 0 B ≤ C for some constant C which is independent of j 0 , k 0 ∈ J;
Then we prove that U p (J), the set of all matrices (a(j, k)) j,k∈J such that j,k |a(j, k)| p < ∞, is continuously embedded in B. In Sections 3 and 4 we apply the results in Section 2 to deduce Schatten-von Neumann and nuclear properties for pseudo-differential operators with symbols in modulation spaces, when acting on (other) modulation spaces. More precisely, let a ∈ M r (ω) (R 2d ), 0 < r ≤ 1. If r = 1 and all involved weights are trivially equal to 1 everywhere, then it is proved in [26] that the pseudo-differential operator Op(a) is continuous from M
, and a Schatten-von Neumann operator of order p on
The latter Schatten-von Neumann result was remarked to hold already in [38] . For general p ∈ (0, 1] and for weighted modulation spaces, these continuity and Schattenvon Neumann results were extended in [45] . (See [45, Theorems 3.1 and 3.4] .)
For certain choices of weights, Theorem 3.4 in [45] was improved in [14, Corollary 5 .1] from which it follows that if ω 1 = ω 2 and ω are suitable weights, r ∈ (0, 1] and
(See also [10] [11] [12] for recent progress on r-nuclearity of operators acting on Lebesgue type spaces, [15] for some extensions to other families of Banach spaces, and [13] for analogous investigations for operators acting on elements defined on manifolds with boundary.)
In Section 3 we apply the minimality properties from Section 2 to deduce that if p, q, r ∈ (0, ∞] satisfies
the weights ω 1 , ω 2 and ω obey the same (relaxed) conditions as in [45] and that a ∈ M
the set of Schatten-von Neumann operators of order p from M
If q = ∞ and p ≤ 1, then r = p, and we recover [45, The-
. In Section 4 the minimality results in Section 2 are applied to deduce p-nuclearity for the pseudo-differential operators above. In fact, let p ∈ (0, 1], ω 1 , ω 2 and ω be as above and let
. This improves some of the results in [15] where it is shown that Op(a) belongs to
and ω 1 = ω 2 are weights of polynomial type.
By using suitable embedding results between modulation spaces and other types of function and distribution spaces, the results in Sections 3 and 4 also leads to certain Schatten-von Neumann and r-nuclearity results in the framework of such spaces. For example, in these sections we may replace the modulation spaces by suitable Besov spaces, by using suitable embeddings between such spaces (see [32, 39, 40] for such embeddings in the Banach space case, and [50] in the more general quasi-Banach space case).
Finally we remark about recent progresses by J. Delgado, M. Ruzhansky, N. Togmagambetov and B. Wang on p-nuclearity and Schatten-von Neumann properties in various contexts. In [10] optimal conditions on memberships in Schatten-von Neumann classes over L 2 were obtained in terms of Sobolev regularity of the kernels. In [11, 12, 15] , p-nuclearity of operators acting on Lebesgue type spaces are considered. Especially, in [15] some conditions for p-nuclearity of operators between weighted modulation and other Banach spaces were obtained in terms of symbols. Furthermore, in [13] analogous investigations are performed for operators acting on elements defined on manifolds with boundary.
Acknowledgement
I am grateful to H. Feichtinger for encouraging discussions during his visit at Linnaeus university, autumn 2016. I am also grateful to J. Delgado and M. Ruzhansky for fruitful discussions on the subject of the paper.
Preliminaries
In this section we recall some basic facts of quasi-Banach spaces, Gelfand-Shilov spaces and modulation spaces.
We start by introducing some notations on quasi-Banach spaces. A quasi-norm · B on a vector space B over C is a non-negative function · B on B which is non-degenerate in the sense
and fulfills
(1.1)
for some constant p ∈ (0, 1] which is independent of f, g ∈ B. Then B is a topological vector space when the topology for B is defined by · B , and B is called a quasi-Banach space if B is complete under this topology.
In general, the conditions (1.1) does not need to imply that
should hold. On the other hand, by Aiko-Rolewicz theorem it follows that we may replace the quasi-norm in (1.1) by an equivalent one, and which also satisfies (1.2) (cf. [1, 36] [20] ). Let h ∈ R + be fixed. Then
is finite. Here the supremum is taken over all α, β ∈ N d and x ∈ R d . Obviously S 1,h ⊆ S is a Banach space which increases with h. Furthermore, S 1,h contains all finite linear combinations of Hermite functions h α (x) = H α (x)e −|x| 2 /2 , where H α is the Hermite polynomial of order α ∈ N d . Since such linear combinations are dense in S , it follows that the (
is the projective limit of S 1,h (R d ) with respect to h. This implies that
is a Fréchet space with semi norms · S 1,h , h > 0.
, also in topological sense (cf. [33] ).
From now on we let F be the Fourier transform, given by 
, the short-time Fourier transform V φ f is the distribution on R 2d defined by the formula
, then T is uniquely extendable to sequently continuous mappings
(cf. [9, 42] ). We also note that V φ f takes the form
There are several characterizations of Gelfand-Shilov spaces and their distribution spaces. For example, they can easily be characterized by Hermite functions and other related functions (cf. e. g. [21, 29] ). They can also be characterized by suitable estimates of their Fourier and Short-time Fourier transforms (cf. [8, 27, 42] ).
Weight functions.
Next we recall some facts on weight func-
In the sequel we assume that ω is moderate, or v-
Here A B means that A ≤ cB for a suitable constant c > 0, and for future references, we write A ≍ B when A B and B A. We note that (1.5) implies that ω fulfills the estimates
We let P E (R d ) be the sets of all moderate weights on R d . It can be proved that if ω ∈ P E (R d ), then ω is v-moderate for some v(x) = e r|x| , provided the positive constant r is chosen large enough (cf. [25] ). In particular, (1.6) shows that for any ω ∈ P E (R d ), there is a constant r > 0 such that
We say that v is submultiplicative if v is even and (1.5) holds with ω = v. In the sequel, v always stand for a submultiplicative weight if nothing else is stated.
Classes of matrices.
It is suitable for us to consider matrix classes with respect to general index sets.
and let ω be a map from J to R + .
(
.
(1.8)
For conveniency we also set M
is one of the most common types of modulation spaces. It was introduced by Feichtinger in [17] for certain choices of ω. We also set
and M p = M p (ω) when ω = 1. In the following proposition we list some properties for modulation, and refer to [17-19, 24, 41] for proofs.
, and let ω be v-moderate. Then the following is true:
is a quasi-Banach space under the quasi-norm in (1.8), and different choices of φ give rise to equivalent quasi-norms;
1.5. Gabor analysis and modulation spaces. Next we define Gabor atoms of certain orders.
) be submultiplicative, J be a countable set and let
, and there exist
are dual Gabor frames to each others.
By the previous remark, [23, Theorem S], and Remark 1.10 and Theorem 3.7 in [44] it follows that the set of Gabor atoms of order p contains Σ 1 (R d )\0. In particular, the set of such atoms is non-empty.
We also remark that by [30] it follows that the canonical dual window of an element in [8] . By [30] it follows that we may choose both φ 1 , φ 2 and their dual windows in
Assume that ω, v ∈ P E (R 2d ), p, q ∈ (0, ∞] and r ∈ (0, 1] are such that r ≤ p, q and ω is v-moderate, and ψ 1 , ψ 2 , {x j } j∈J and {ξ k } k∈J are the same as in Definition 1.3. By [44, Theorem 3.7] it follows that
Furthermore, the left-hand side of (1.9) defines a quasi-norm in M p,q
. (For more facts of such properties, see e. g. [18, 19, 24, 34, 35, 44] .)
Next we introduce topological spaces of non-uniform Gabor expansions.
is the set of all non-uniform Gabor expansions
is finite, where { (x n , ξ n ) ∈ ; n ∈ N } is an arbitrary countable set in R 2d . Here the infimum in (1.11) is taken over all representatives (1.10) of f . 
Here F 2 F is the partial Fourier transform of F (x, y) ∈ Σ ′ 1 (R 2d ) with respect to the y variable. This definition makes sense since the mappings F 2 and F (x, y) → F (x − A(x − y), x − y) (1.14) are homeomorphisms on Σ ′ 1 (R 2d ). In particular, the map a → K a,A is a homeomorphism on Σ 
By Remark 1.8, it follows that for every
. By Section 18.5 in [28] , the relation between a 1 and a 2 is given by
(1.15) Here we note that the operator e i AD ξ ,Dx is homeomorphic on Σ 1 (R 2d ) and its dual (cf. [5, 6, 49] ). For modulation spaces we have the following subresult of Proposition 2.8 in [46] .
, and
(1.16)
We also recall that Op A (a) is a rank-one operator, i. e.
, if and only if a is equal to the A-Wigner distribution
takes the form
(1.19) (Cf. [3] .) Since the Weyl case is of peculiar interests, we also set
I.
1.7. Schatten-von Neumann classes and nuclear operators. Next we recall some Schatten-von Neumann properties of operators, and start to consider a general situation, involving linear operators from a (quasi-)Banach space to an other (quasi-)Banach space. (Cf. e. g. [2, 37, 43, 47, 48] .) Let B 1 and B 2 be (quasi-)Banach spaces and let T be a linear operator from B 1 to B 2 . The singular value of T of order j ≥ 1 is defined as
where the infimum is taken over all linear operators T 0 from B 1 to B 2 of rank at most j − 1. The operator T is said to be a Schatten-von Neumann operator of order p ∈ (0, ∞] if
is finite. 
with continuous embeddings, then we let s A,p (B 1 , B 2 ) be the set of all
, and we set
Next we define nuclear operators. Let B 0 be a Banach space with dual B The set of r-nuclear operators from B 0 to B is denoted by N r (B 0 , B), and we equip this set by the quasi-norm 
By straight-forward computations it follows that · Nr(B 0 ,B) is a quasinorm of order r, and that N r (B 0 , B) is complete. Hence, N r (B 0 , B) is a quasi-norm space of order r > 0.
Later on we need the following result which shows that p-nuclearity is stable under linear continuous mappings. Then the following is true:
( 1.24) Proposition 4.1 is well-known in the literature. For example, (1) follows immediately from (4.5) and (4.6) in [7] . In order to be selfcontained and show some ideas we give a short proof of (2).
Proof. Let e j and ε j be the same as in Subsection 1.7 with B 1 and B 0,1 in place of B 1 and B 0,1 , respectively, and let f ∈ B 0,1 , g ∈ B 0,2 . Then
The result now follows by combining these estimates and taking the infimum over all representatives in (1.22).
If A ∈ M(d, R) and
with continuous embeddings, then we let u A,r (B 0 , B) be the set of all
Identification and minimization properties of
In this section we show that M
which satisfies (0.1), (1.2) and ψ ∈ B for some Gabor atom ψ of order p with respect to v. By using similar technique we show analogous minimality properties of U p (ω, J).
Minimality of
is a quasi-Banach space with quasi-norm (1.11). 
Proof. First we prove that f
By taking the supremum over all (x, ξ) and the infimum over all representatives (1.10), we get
, and choose representatives (1.10) of f and
This gives,
Hence,
, since ε > 0 was arbitrarily chosen. This implies that M p (ω) is a quasinormed space of order p.
The completeness follows by standard arguments. More precisely,
Then there is an increasing sequence, {m k } k≥1 , of positive integers such that
For every k ≥ 0, there are sequences
be an enumeration of {(a n,k , x n,k , ξ n,k )} ∞ n,k=0 , and let
< ∞, and
as m and k tends to ∞, and the completeness of M
For the proof we need the following lemma.
, and set
is independent of X ∈ R 2d , when the window function of the modulation space norm is fixed.
Proof. The fact that ω X is v-moderate is a straight-forward consequence of the fact that v is submultiplicative. The details are left for the reader. We have
follows by applying the L p quasi-norm on the last equality.
Proof of Proposition 2.2. By [44, Theorem 3.7], it follows that
We need to prove the opposite embedding. Let M 0 (R d ) be the set of all expansions in (1.10) such that at most finite numbers of a n are non-zero. By straight-forward arguments of approximations it follows
The result therefore follows if we prove
, let ε > 0 and let φ be Gaussian, and choose a representation (1.10) such that
By straight-forward arguments of approximations, we may assume that a n are non-zero only for finite numbers of n. Also let ψ n = ψ Xn and ω n = ω Xn , X n = (x n , ξ n ), where ψ X and ω X are the same as in Lemma 2.3. Then there is a lattice Λ = Λ 1 × Λ 2 , where Λ 1 , Λ 2 ⊆ R d , and such that
Since ε is chosen arbitrarily, (2.1) follows.
By the previous proposition it follows that M p ψ,(ω) (R d ) is independent of the choice of ψ, which justifies the usage of the notation M
We are now prepared to formulate and prove the extension of Feichtinger's minimization property in [16] to the case of quasi-Banach spaces.
be a quasi-Banach space such that the following is true:
(1) the quasi-norm · B of B satisfies (1.2); (2) B is invariant under time-frequency shifts f → e i · ,ξ f ( · − x), and After the previous preparations, the proof is essentially the same as in the Banach space case, p = 1. In order to be self-contained we here present the arguments. Let
Proof. We may assume that
By taking the infimum of the right-hand side, we obtain
, and the result follows.
We also have corresponding maximality property of Theorem 2.4 of translation and modulation invariant spaces.
be a Banach space such that the following is true:
(1) B is invariant under time-frequency shifts, f → e i · ,ξ f ( · − x), and
(2) B contains a Gabor atom of order 1.
We need some preparations for the proof. We note that Σ 1 (R d ) ⊆ B in view of Theorem 2.4. Let φ B ′ be the dual norm of φ ∈ Σ 1 (R d ) with respect to the L 2 form be defined by
where the supremum is taken over all f ∈ B such that f B ≤ 1, and let the L 2 -dual B ′ of B be the completion of Σ 1 (R d ) under this norm (cf. [43] ).
Proof of Theorem 2.5. Let B ′ be the L 2 dual of B, and let Ω be the set of all f ∈ B such that f B ≤ 1. Then B ′ contains at least one element in Σ 1 , and if φ ∈ Σ 1 (R d ), we get
Hence B ′ is translation and modulation invariant. By Theorem 2.4 it follows that
This gives
and the result follows.
We also have the following characterization of certain modulation spaces. Here let
where the infimum is taken over all representatives
Schatten-von Neumann properties for operators with kernels in modulation spaces
In this section we use results from the previous section to deduce Schatten-von Neumann properties of operators with kernels in M p (ω) . At the same time we deduce analogous properties for pseudo-differential operators with symbols in M p (ω) . More precisely, we have the following.
and let ω 0 ∈ P(R 4d ) and ω 1 , ω 2 ∈ P E (R 2d ) be such that
holds true. Then
The proof of Theorem 3.1 is based on analogous Schatten-von Neumann properties of matrix operators. Proposition 3.2. Let p, q, r ∈ (0, ∞] be such that (3.1) holds, J k be index sets, ω k be positive functions on
). We need the following lemma for the proof of Proposition 3.2.
Lemma 3.3. Let p, q ∈ (0, ∞], and let B 1 and B 2 be quasi-Banach spaces such that (0.2) holds with B 2 in place of B. Then
and
Proof. Let T 1 , T 2 , T 1,j , T 2,j ∈ B(B 1 , B 2 ) be such that T 1,j and T 2,j are operators of rank at most j − 1, and let f ∈ B 1 . Then
which gives By taking the infimum on the right-hand side over all possible T 1,j and T 2,j we obtain (3.4). By letting j 1 = j 2 = j in (3.4) and using the fact that σ j (T ) is non-increasing with respect to j we get From these estimates and Proposition 2.7 we get U r (ω, J) ⊆ B, and the result follows.
Proof of Theorem 3.1. By (1.15) and Proposition 1.9 we may assume that A = 0. Let ω 0 (x, ξ, y, η) = ω(x, η, ξ − η, y − x).
By Lemma 3.3 in [45] , there is a lattice Λ ⊆ R d , A ∈ U r (ω 0 , Λ 2 ) and
More refined, by [30] we may choose both φ 1 , φ 2 and their dual windows to belong to Σ 1 (R d ) (cf. Remark 1.5). We have
are continuous and
in view of Proposition 3.2. Hence, by Proposition 4.1 (1) we get
which is the same as (3.3).
Theorem 3.1 also leads to the following Schatten-von Neumann result on operators with kernels in modulation spaces, which in particular improve [14, Corollary 3.1].
Theorem 3.4. Let ω j ∈ P E (R 2d j ) for j = 1, 2 and ω ∈ P E (R 2d 2 +2d 1 ) be such that ω 2 (x, ξ) ω 1 (y, η) ω(x, y, ξ, −η), x, ξ ∈ R d 2 , y, η ∈ R d 1 , and let p, q, r ∈ (0, ∞] be such that (3.1) holds. Also let T be a linear and continuous operator from
Proof. If d 1 = d 2 , then the result follows from Proposition 2.5 (2) in [46] and Theorem 3.1. We need to consider the case when
\ 0 be fixed, and set K 0 (x, y 1 ) = K(x, y)φ(y 0 ), ω 0 (x, y 1 , ξ, η 1 ) = ω(x, y, ξ, η)
